In this paper, a robust design optimization framework is proposed with a variable fidelity Kriging model. By the use of the variable fidelity Kriging model approach, an accurate surrogate model can be constructed efficiently by the absolute values of a high-fidelity function as well as the trends obtained by low-fidelity function values. The highand low-fidelity levels can be defined by utilizing different physical models, computational meshes and so on. The robustness of a candidate design is efficiently evaluated by a Monte Carlo simulation which is executed on the variable fidelity Kriging model. The efficiencies of robust design optimization approaches are investigated in a 2D airfoil drag minimization problem. In this problem, free-stream Mach number as well as target lift coefficient are supposed as uncertain parameters. The mean and standard deviation of drag coefficient are simultaneously minimized to obtain non-dominated robust optimal designs. The developed robust design optimization approach via the variable fidelity Kriging model is shown to be useful for efficient search of robust airfoil designs.
Introduction
Surrogate model approaches have attracted increased attention recently in aerospace engineering since they offer substantial benefits for design optimization, aerodynamic database construction and uncertainty analysis. The idea of a surrogate model approach is to replace expensive functional evaluations (i.e., high-fidelity computational fluid dynamics (CFD) simulations) with an analytical model which is constructed through selective sampling of the high-fidelity model. When a surrogate model is constructed with given exact functional data, a designer can efficiently explore the approximated design space at very low computational cost. Uncertainty analysis can be also executed efficiently on the surrogate model, which is often referred to as an inexpensive Monte Carlo (IMC) simulation approach. 1, 2) Uncertainty analysis is watched with keen interest these days [1] [2] [3] [4] [5] [6] [7] since high-fidelity CFD computations typically assume perfect knowledge of all parameters. In reality, however, there is much uncertainty due to manufacturing tolerances, in-service wear-and-tear, approximate modeling parameters and so on. The most straightforward and accurate method for uncertainty analysis is a full nonlinear Monte Carlo (MC) simulation. Although this method is easy to implement, it is still prohibitively expensive for highfidelity CFD computations. The moment method 1) based on Taylor series expansion is an alternative approach to assess uncertainty. To apply surrogate model approaches, IMC, is another positive way for uncertainty analysis which can reduce the computational cost dramatically. The computational advantage is evident because the surrogate model is an analytic approximation of a function for the entire design space. Its estimated function values can be used for MC simulation to obtain not only mean and standard deviation, but also an approximate probability density function (PDF) and/or cumulative distribution function (CDF) of the output function. This approach is promising to extend to robust design optimization [8] [9] [10] [11] because of its low computational cost for the uncertainty analysis.
To realize an accurate IMC uncertainty analysis, the construction of accurate surrogate models is essential. The Kriging model, [12] [13] [14] [15] [16] which was originally developed in the field of geological statistics, has often been found to perform well in engineering fields and has thus gained popularity in aerospace engineering and design. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] This surrogate model predicts the function value using stochastic processes, and has the flexibility to represent multimodal/ nonlinear functions. One of the major approaches to enhance the accuracy of surrogate models efficiently is to utilize the derivative information of objective function. This approach is promising since efficient derivative evaluation methods based on adjoint formulations have been developed and applied successfully in the field of aerodynamics. [27] [28] [29] [30] [31] [32] [33] Two gradient-enhanced Kriging (called direct/indirect cokriging or GEK) approaches have been developed and beneficial results have been shown in the literature. 16, 18, [21] [22] [23] 25) Utilizing low-fidelity function values as secondary information represents an alternative approach to improve the accuracy of surrogate models. 16, 24, 26) This approach is also referred to as the cokriging method, and the same kind of concept was also investigated in optimization communities, which is often referred to as the variable fidelity (VF) model approach or model management optimization. 34) In the VF surrogate model approach, the trends of low-fidelity function values as well as a small number of high-fidelity func-Ó 2014 The Japan Society for Aeronautical and Space Sciences tion absolute values are simultaneously utilized to construct a surrogate model. This approach is promising in the field of aerospace engineering since one can define many sets of different fidelity models as indicated in Table 1 .
In this paper, a VF cokriging model approach is applied to a robust design optimization problem of a 2D airfoil. In this problem, free-stream Mach number as well as target lift coefficient are supposed to have uncertainties. Accurate/ Low-cost IMC uncertainty analyses on the VF Kriging models are utilized to evaluate the mean and standard deviation of drag coefficient. The results of the robust design optimization via the VF Kriging model are compared with that of another straightforward robust design optimization framework based on the moment method and a genetic algorithm (GA).
Approaches of Uncertainty Analysis
In this section, major approaches for uncertainty analysis are reviewed briefly.
Monte Carlo simulation and inexpensive Monte
Carlo simulation One of the most straightforward approaches for uncertainty analysis is the Monte Carlo simulation. The mean of a function with respect to random variables X is defined as follows
where m and are respectively the number of random variables and PDF of X. Taking N sample points for x by following the distribution of , the mean of f can be estimated as follows
The standard deviation of f can be estimated as follows
The PDF as well as CDF of f can also be estimated from the histogram of f ðx i Þ . In this research, the sample points are defined by utilizing a latin hypercube sampling (LHS) method. Although the MC approach is easy to implement, its computational cost is very large especially with the increase in the number of random variables. The number of sample points for an accurate uncertainty analysis is usually more than 1,000, which means 1,000 or more CFD functional evaluations are required for an uncertainty analysis. The concept of the IMC simulation is identical with that of the MC simulation. However, the huge number of exact functional evaluations is replaced to functional estimations on a surrogate model.
Moment method
The moment method is based on a Taylor series expansion 1) and makes use of derivative information at the center (mean) location of the distribution of random variables. The mean and standard deviation of a function are given by the (second-order) moment method as follows
where x c and x i are respectively the mean values of random variables and the standard deviation of a random variable x i . The first-/second-order derivatives of the function with respect to random variables are essential in this approach.
VF Kriging Model
In this section, our VF Kriging model approach is introduced and then it is applied to an aerodynamic data modeling problem to indicate the validity of this approach.
Formulation of VF Kriging model
In this subsection, the VF cokriging method 24, 26) is presented. The formulation is based on the ordinary Kriging model. The high-and low-fidelity functions are replaced by the following random functions
where x is a location in a design space and l (¼ 1; 2) means the index of fidelity level. The first term l is a constant model and the second term Z l represents a random process model with zero mean, variance 2 l and the covariance of two locations x i and x j is given as follows
R l 1 l 2 is the correlation function between the fidelity levels l 1 and l 2 . Then, a linear combination of the high-and lowfidelity information at given sample points is considered as followŝ
where y l and w l are respectively the observed function values and their weight coefficients. n l is the number of l-th fidelity sample points. The fidelity level 1 is considered as high-fidelity data, and n 1 ( n 2 is the most general situation for this VF model approach. The weight coefficients are determined by minimizing the mean squared error 
w 2j y 2j Àỹ y 1ðxÞ
under the unbiasedness constraints of
This constrained minimization problem can be solved by the Lagrange multiplier approach. Finally, the following VF Kriging predictor can be obtained.
where
ð12Þ R 2 R ðn 1 þn 2 ÞÂðn 1 þn 2 Þ and r ðxÞ 2 R ðn 1 þn 2 ÞÂ1 are respectively the correlation matrix and correlation vector. R expresses the correlations between all observed data, and r ðxÞ is for the correlations between the observed data and a location x. These correlations are calculated by the Wendland's C4 radial basis function (RBF) 35) in this study, since this function yields a better conditioned correlation matrix than the conventional Gaussian function in the author's experience. The matrix form of Eq. (11) is quite similar to that of the original Kriging formulation. The factor of 1 = 2 is an additional parameter required for this VF formulation, that takes the influence of low-fidelity data into consideration for the VF functional prediction. The MSE of Eq. (9) can be expressed as follows.
The VF Kriging model still has the undetermined parameters of 2 1 and 1 = 2 . In addition, the correlation function also includes undetermined hyperparameters to define the width of the RBF for each input variable. These parameters can be estimated by maximizing the likelihood (joint probability) function of the given samples. 16, 24) Optimal 2 1 and 1 = 2 are analytically determined as
Since there is no analytic form solutions for , these are estimated by a numerical optimization which corresponds to the maximization of a log-likelihood function of
The most consistent is determined through the maximization of the log-likelihood function. A master-slave type MPI-parallelized real-coded GA (its details are described in subsection 4.2) is used to solve this optimization problem.
Aerodynamic data modeling of RAE2822 airfoil
In this subsection, steady viscous/inviscid flows around a RAE2822 airfoil are considered. Two-dimensional flowfield around the airfoil is analyzed by a structured mesh CFD method. In this problem, compressible Reynolds-averaged Navier-Stokes (RANS) or inviscid Euler equations are solved on a C-type mesh. In space, the viscous diffusion terms are discretized by the central difference approximation. For the convection terms, the third-order MUSCL type TVD scheme is used. The LU-SGS implicit method 36) is used for the time integration. The Baldwin-Lomax algebraic model 37 ) is adopted to treat turbulent boundary layers, and fully turbulent flow is assumed in the RANS evaluation. While the RANS evaluations are treated as the high-fidelity model of the VF Kriging model, the inviscid Euler evaluations are treated as the low-fidelity model. The distributions of pressure coefficient around the RAE2822 airfoil given by the RANS/inviscid evaluations are compared with experimental data 38) in Fig. 1 . In this study, two input parameters are considered: the free-stream Mach number (M 1 ) and angle of attack (). Their ranges are specified as 0:6 < M 1 < 1:0 and À5 < < 5 [deg] . The high-/low-fidelity hypersurfaces of lift and drag coefficients obtained through a series of 11 Â 11 flow computations covering the entire parameter space are shown in Fig. 2 . It can be observed that the tendencies of the hypersurfaces obtained by the lowfidelity evaluations are comparable to those obtained by the high-fidelity evaluations.
In Fig. 3 , estimated hypersurfaces by the VF Kriging model approaches are shown. In this study, the number of high-fidelity samples is fixed to four points that are located on the corners of the parameter space. Then, the number of low-fidelity samples is increased from 0 to 100. The locations of these low-fidelity samples are determined by the LHS method. The color contours on the estimated hypersurfaces express the absolute difference between the exact (high-fidelity) and estimated aerodynamic coefficients. It can be observed that the accuracies of the estimated hypersurfaces are improved by adding the low-fidelity sample points. The difference between the exact and estimated aerodynamic coefficients remains at the vicinity of transonic Mach numbers and high angles of attack even with 100 low-fidelity sample points. This is due to the inherent difference of the tendency of aerodynamic coefficients between the RANS and inviscid evaluations. It is considered that additional high-fidelity sample points are required at the vicinity for more improvement in the accuracy of the surrogate model. This result indicates, however, that the global accuracy of the surrogate model can be increased efficiently with low-fidelity samples that have the approximate trends of high-fidelity function. In Fig. 4 , estimated drag polar curves at M 1 ¼ 0:8 are shown. Although there is no highfidelity sample points at the specified Mach number, the accuracies of the estimated drag polar curves are gradually improved with the increase in the number of low-fidelity sample points. Since the computational cost of the low-fidelity (inviscid) evaluation is naturally much less than that of the high-fidelity (RANS) evaluation, accurate surrogate models can be constructed efficiently by utilizing the VF Kriging model approach. Therefore, it can be expected that accurate IMC uncertainty analyses are also realized efficiently by utilizing the VF Kriging model approach.
Robust Design Optimization Frameworks
In this section, a robust design optimization framework is proposed with the VF Kriging model and IMC simulation approach. To analyze the performance of the developed robust design approach in the subsequent section, another (straightforward) robust design optimization approach based on the moment method is also introduced in this section. Firstly, a robust optimization problem considered in this study is introduced. Then, the moment method-based and VF Kriging model-based robust design optimization frameworks are described. 4.1. Robust optimization problem of 2D transonic airfoil In this optimization problem, steady viscous flows around 2D airfoils are considered. Two-dimensional flowfields around airfoils are analyzed by the structured mesh CFD method described in subsection 3.2. Two fidelity levels are defined by utilizing two computational meshes in this problem. The high-fidelity aerodynamic coefficients are calculated on a fine mesh which has 303 Â 171 node points. On the other hand, the low-fidelity aerodynamic coefficients are calculated on a coarse mesh which has 93 Â 71 node points. These computational meshes are visualized in Fig. 5 . The distributions of pressure coefficient around the RAE2822 airfoil given by the two meshes are compared with experimental data 38) in Fig. 6 . The high-fidelity evaluation gives C l of 0.732 and C d of 0.0128 at M 1 of 0.729 and of 2.31 degrees, while the low-fidelity evaluation gives C l of 0.711 and C d of 0.0145. Taking the computational cost of a high-fidelity CFD evaluation as one unit, that of a lowfidelity CFD evaluation is approximately 0.05.
A lift constrained drag minimization problem is considered in this study. The free-stream Mach number M 1 is 0.729 and the angle of attack is changed in the flow solver to adjust to a target lift coefficient C Ã l of 0.7. An airfoil shape parameterization method utilizing Bezier curves is used to represent various airfoil shapes. In this parameterization method, an airfoil shape is described by nine design varia- bles that are used to define the vertical coordinates of the control points of the Bezier curves as in Fig. 7 . A geometrical constraint is added to this problem, which is to preserve the sectional airfoil area to larger than that of the RAE2822 airfoil. This constraint is taken into account in GA by adding penalty values for unfeasible designs at the phase of Pareto ranking.
In the problem of robust optimization, M 1 and C Ã l are considered as random input variables. The PDFs of these random variables are specified by normal distributions. The mean and standard deviation of M 1 are respectively set to 0.729 and 0.05. The mean and standard deviation of C Ã l are respectively set to 0.7 and 0.05. These PDFs are shown in Fig. 8 . The other input flow variables as well as geometrical design variables are treated as deterministic variables in this study. In the robust optimization problem, the mean of drag coefficient f as well as standard deviation of drag coefficient f are simultaneously minimized to obtain non-dominated robust optimal designs. 
Moment method-based robust design approach
A straightforward robust design optimization framework is proposed based on the moment method and GA. A master-slave type MPI-parallelized real-coded GA is directly used for this optimization. For the ranking of obtained designs in multi-objective problems, a Pareto ranking method proposed by Fonseca and Fleming 39) is used with a sharing function proposed by Kim and Liou. 40) New designs are generated by the blended crossover method 41) with the probability of mutation of 10%. In this optimization, the numbers of populations and generations are respectively set to 48 and 50.
For an airfoil geometry generated in the process of GA, flow computations are executed at nine different conditions that are the combinations of M 1 ¼ ð0:629; 0:729; 0:829Þ and C Ã l ¼ ð0:6; 0:7; 0:8Þ. Then, the first-and second-order derivatives of C d with respect to M 1 and C Ã l are evaluated from a least-square fitting to a quadratic polynomial as in Fig. 9 . Finally, f and f are evaluated via the moment method. In this optimization approach, therefore, 21,600 ð48 Â 50 Â 9Þ high-fidelity functional calls are required to solve the robust optimization problem.
VF Kriging model-based robust design approach
Another robust design optimization framework is proposed based on the Kriging model and IMC simulation. Firstly, a surrogate model is constructed from a set of initial sample points. This surrogate model is constructed for both random and deterministic design variables. In this problem, therefore, the number of dimensionality of the constructed surrogate model is 11 (two random þ nine deterministic). Then, promising locations on the surrogate model are searched by the GA described in subsection 4.2. The promising locations are searched by the multi-objective minimization of f and f that are evaluated via the IMC simulation. The number of functional calls for an IMC uncertainty analysis is fixed to 1,000 in this study. The 1,000 points are generated by following the PDFs of M 1 and C Ã l , and are visualized in Fig. 10 . In this multi-objective minimization problem, the nine deterministic geometrical variables are only optimized to find robust optimal designs. The numbers of populations and generations are respectively set to 96 and 100. The number of functional calls for this search is 9.6 million ð96 Â 100 Â 1;000Þ in total, and the parameters of GA are larger than that of the moment method-based approach. This is because the computational cost of the functional evaluations on the VF Kriging model is not expensive, which allows us to explore the design space massively. Once non-dominated optimal designs (promising locations) are obtained, exact functional calls are executed for some representative optimal designs at some representative conditions of M 1 and C Ã l . In this research, three representative optimal designs are selected at both ends and the center location of the Pareto front; i.e., two optimal designs minimizing f and f respectively and a compromise design of the non-dominated designs. Then, the three designs are evaluated at five conditions of ðM 1 ; C Ã l Þ ¼ ð0:729; 0:6Þ, Therefore, 15 exact functional calls are executed per iterative step. By adding the information of these exact functional calls to construct the next surrogate model, the accuracy of the surrogate model is gradually improved, especially around optimal regions. Robust optimal designs are gathered by the iteration of the above procedures. This robust design optimization approach is summarized in the flowchart of Fig. 11 . Basically, the proposed VF Kriging model-based robust design approach can be applied to more practical robust design problems without any change. One of the items to be taken into account in problems with larger numbers of random input variables m, is the setting of the representative conditions. In the straightforward extension of the proposed approach, ð2m þ 1Þ Â 3 exact functional calls are required per iterative step, which may result in huge numbers of exact functional evaluations. One of the promising approaches for this issue is to decide the representative conditions by a sampling approach around the mean design condition; e.g., by LHS. In this approach, the number of the representative conditions can be determined beforehand by taking into account both the computational cost for a functional evaluation and available computer resources. In Fig. 12 , non-dominated robust optimal designs that are obtained by the moment method-based approach are shown. It can be confirmed that the moment method-based approach reaches a certain level of convergence at the 50th generation. For comparison purposes, a single point optimization (SPO), whose objective function is solely the drag coefficient at M 1 of 0.729 and C Ã l of 0.7, is also executed by the GA. This SPO was also executed till the 50th generation. For the RAE2822 airfoil and the obtained optimal design in the SPO, f and f are also evaluated in the same manner using the moment method. These results are also included in Fig. 12 . The aerodynamic performances of some representative designs are compared in Table 2 . Although the optimal design given by the SPO has the best performance at the mean design condition of M 1 and C Ã l , its robustness measures are worse than the robust optimal designs.
Results and Discussion

Moment method (MM)-based robust design approach
VF Kriging model-based robust design approach
Optimization cases executed by the VF Kriging modelbased approach are summarized in Table 3 . These initial sample points are generated by the LHS method for the 11 dimensional parameter space. In all cases, 15 high-fidelity functional evaluations (three designs Â five conditions) are executed per iterative step and they are added to the database to construct the surrogate model of the next iterative step. For comparison purposes, the obtained representative designs are evaluated at the nine conditions for the least-square fitting, and then f and f of the obtained robust optimal designs are evaluated by the moment method. In Fig. 13 , the non-dominated robust optimal designs that are obtained by the VF Kriging model-based approaches are shown. It can be observed that better non-dominated robust designs are efficiently obtained with the increase in the number of low-fidelity initial sample points. Although the computational costs to obtain the sets of initial sample points in SF 56 (SF: single fidelity) and VF 32 þ 480 are almost equivalent, the superiority in the case of VF 32 þ 480 is obvious. This is because an accurate surrogate model for entire design space is essential for accurate IMC uncertainty 
For this evaluation, 79 points are randomly generated in the 11 dimensional parameter space (that are different from the sets of initial samples) and then high-fidelity functional evaluations are executed on these points. In Fig. 14 The aerodynamic performances of some representative designs are compared in Table 4 . As understood from Fig. 13 , the performances of VF 32 þ 192 and VF 32 þ 480 are almost comparable to that of the moment methodbased robust design approach. The superiority in the VF Kriging model-based robust design approach is obvious since the total computational cost for the case of VF 32 þ 480 is approximately 206 (56 þ 15 Â 10) while that of the moment method-based approach is 21,600.
In this study, a robust design optimization problem of a 2D airfoil, which is relatively computationally inexpensive, has been discussed for comparison with the result of the moment method-based robust design approach. Since the use of the moment method-based approach is almost impracticable in complex/expensive problems, the developed VF Kriging model-based approach is promising for practical robust design optimization problems. 5.3. Aerodynamic analysis of obtained robust optimal airfoils In this subsection, the aerodynamics of the obtained robust optimal airfoils is discussed. The geometries of the representative airfoils are compared in Fig. 15 . It can be confirmed that the tendencies of the robust optimal airfoils obtained by the moment method-based and VF Kriging model-based approaches are comparable. The curvature of the upper surface of airfoil is reduced, and the trailing edge direction angle is increased with the reduction of f in both approaches. In Fig. 16 , the off-design performances with respect to M 1 and C Ã l are compared. More sensitive differences can be observed in the off-design performances of M 1 . With respect to M 1 , the off-design performances of the RAE2822 and SPO airfoils are worse than that of the robust optimal airfoils. It can be seen that the drag divergence Mach numbers of the robust optimal airfoils are increased with the reduction of f . In Figs. 17 and 18 , the pressure distributions around the airfoils are shown for the mean design condition as well as an off-design condition of M 1 ¼ 0:829 and C Ã l ¼ 0:80. The optimal airfoil of SPO only achieved a shock-less flowfield at the mean design condition. At the off-design condition, on the other hand, the reduction of the strength of the shock wave on the upper surface is obvious in the robust optimal airfoils. The reduction of negative pressure regions on the upper surface is also observed with the reduction of f in the robust optimal designs. Thus, the performances/tendencies of the obtained non-dominated robust designs via the moment methodbased and VF Kriging model-based approaches are comparable, and this enhances the validity of the developed VF Kriging model-based approach.
Conclusion
In this research, a VF Kriging model approach was applied to a robust design optimization problem. In the developed VF surrogate model approach, the trends of low-fidelity function values as well as a small number of high-fidelity function absolute values are simultaneously utilized to construct an accurate surrogate model. Firstly, an aerodynamic data modeling problem of 2D airfoil was investigated. In this problem, two fidelity levels were defined by RANS and inviscid Euler simulations. The accuracy of the surrogate model was efficiently increased by adding low-fidelity function information in the VF Kriging formulation. Since the low-fidelity function can be evaluated with lower computational cost, accurate surrogate models can be constructed efficiently by utilizing the VF approach.
Then the VF Kriging model was applied to a robust design optimization problem. In this problem, a liftconstrained drag minimization problem was treated with uncertain parameters of M 1 and C Ã l . In this approach, the mean and standard deviation of drag coefficient were evaluated by the inexpensive Monte Carlo simulation on the VF Kriging model. Two fidelity levels were defined by finer/ coarser computational meshes. Non-dominated robust optimal solutions were explored on the surrogate model by simultaneously minimizing the mean and standard deviation of the objective function. Obtained solutions were compared with that of another robust design optimization approach, in which a GA was directly used with a moment method. The performances/tendencies of the obtained robust optimal solutions by both approaches were comparable while the computational cost of the VF Kriging model-based approach was much less than that of the moment methodbased approach. The off-design performances of the obtained robust optimal solutions were much better than that of the optimal solution obtained by SPO.
Thus, the developed VF Kriging model-based robust design optimization approach is promising for efficient search of non-dominated robust optimal solutions. Since accurate surrogate models for entire design space can be constructed efficiently by utilizing low-fidelity functional information, accurate uncertainty analysis can be realized with a low computational cost. The developed robust design optimization approach is promising for practical/complex robust design optimization problems.
